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Abstract: Sleep-wake regulation is an example of a system with multiple timescales,
with switching between sleep and wake states occurring in minutes but the states of wake
or sleep usually existing for some hours. Here we discuss some general features of models
of sleep-wake regulation. We show that some typical models of sleep-wake regulation can
be reduced to one-dimensional maps with discontinuities, and show that this reduction
is useful in understanding some of the dynamical behaviour seen in sleep-wake models.
1 The Two-Process model
Sleep is fundamental for the well-being and functioning of humans and animals [2, 5, 1],
yet many features of sleep are not well understood. Mathematical models have played an
important role in the investigation of proposed biological mechanisms, with the classic
Two-Process (TP) model providing a successful and influential framework to describe key
features of sleep-wake regulation [3]. The TP model considers two interacting oscillating
processes: a circadian process C(t) and a homeostatic sleep process. The homeostatic
sleep process takes the form of a relaxation oscillator that results in a sleep pressure, H(t),
which monotonically increases during wake and is dissipated during sleep. Switching
from wake to sleep and from sleep to wake occurs at upper and lower threshold values
of the sleep pressure, respectively. These threshold values are modulated by the periodic
circadian process C(t) (Figure 1).
In its simplest form, the homeostatic sleep pressure, in normalized coordinates, is
given by:
(1) H(t) =
{
Hs(t) = H(t0) e
−(t−t0)/χs (during sleep);
Hw(t) = 1 + (H(t0)− 1) e−(t−t0)/χw (during wake).
Switching from wake to sleep occurs when H(t) = H+(t) ≡ H+0 + aC(t), and from sleep
to wake occurs when H(t) = H−(t) ≡ H−0 +aC(t), where C(t) = cos(2pit) is the circadian
oscillation and time has been scaled so that a period of one corresponds to a period of
one day. The time constants χw and χs describe the rate of build-up and dissipation of
the homeostatic sleep pressure during wake and sleep, respectively. The mean upper and
lower thresholds are H+0 and H
−
0 , respectively, and a is the amplitude of the circadian
oscillation. The solution shown in Figure 1 represents a sleep-wake pattern with one
sleep episode per day. However, already in the first in-depth description of the model
in [3], it was recognised that by varying the parameters many different patterns of sleep
could be obtained. One of our aims is to understand how these different patterns occur.
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Figure 1. Graphical illustration of the two process model showing the
homeostatic sleep pressure, H(t), increasing during wake and decreasing
during sleep. Here, a = 0.15, H+0 = 0.7, H
−
0 = 0.4, χ
w = χs = 1.25.
The TP model can be represented as a one-dimensional map by considering successive
values of the sleep onset timing [6, 7], as illustrated in Figure 2(a) and described as
follows. Let the homeostatic sleep pressure H(t) be on the upper threshold curve at time
Tn0 , H(T
n
0 ) = H
+(Tn0 ), then run the TP model through one sleep/wake cycle to obtain
the time Tn+10 when H(t) next reaches the upper threshold curve. Taking all values for
Tn0 ∈ [0, 1] and considering Tn+10 mod 1 results in a map, as shown in Figure 2(c).
Two features of the map that may be surprising at first sight are:
• The map has a gap with an infinite derivative to the left of the gap and a
bounded derivative to the right of the gap.
• The map is non-monotonic.
Both features are a consequence of points where H(t) becomes tangent to one of the
threshold curves. Specifically, the gap, and the nature of the derivatives local to the
gap, are a consequence of a tangency of Hs(t) with the lower threshold or Hw(t) with
the upper threshold. At such tangencies, neighbouring values of Tn0 are mapped to very
different values of Tn+10 , as shown in Figure 2(b).
The non-monotonicity occurs as a consequence of tangencies of Hs(t) with the upper
threshold or Hw(t) with the lower threshold. In Figure 2(a) we show the consequences of
tangencies of Hs(t) with the upper threshold. The tangencies result in the map having
three pre-images rather than one for some values of Tn+10 . This can be seen in Figure 2(a),
where the two points labelled ‘b’ and the point Tn0 all map to the same value T
n+1
0 .
The presence of gaps and the non-monotonicity result in the map having a rich dy-
namical structure [4] and explain the different types of solutions observed in [3]. For ex-
ample, border collisions leading to period-adding bifurcations can occur, see Figure 2(d).
Such bifurcations have physiological signficance as they represent transitions between
different numbers of sleep episodes in a day, suggestive of the changes in sleep patterns
observed in babies and early childhood. The infinite gradient to the left of the dis-
continuity leads to saddle-node bifurcations and the non-monotonicity suggests that a
period-doubling cascade leading to chaos may occur. These details are being investigated
and will be published in future work.
This paper is the first of two papers on the dynamics of sleep. The second focusses
on some more physiological models of sleep-wake regulation.
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Figure 2. (a) The two process model can be considered as a map that
gives a sequence of sleep onset times Tn0 , T
n+1
0 . . .. Here, a = 0.15, H
+
0 =
0.7, H−0 = 0.4, χ
w = χs = 1.25. A typical map generated by considering
all Tn0 ∈ [0, 1] is shown in (c). The discontinuity results from the trajec-
tories which touch either the upper or lower thresholds at a tangency, as
illustrated in (b). (d) Typical bifurcation diagram for varying χs, where
a = 0.15, H+0 = 0.7, H
−
0 = 0.4, χ
w = χs.
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